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Abstract. The observation in small size collision systems, pp and pA, of strong correlations with long
range in rapidity and a characteristic structure in azimuth, the ridge phenomenon, is one of the most
interesting results obtained at the Large Hadron Collider. Earlier observations of these correlations in
heavy ion collisions at the Relativistic Heavy Ion Collider are standardly attributed to collective flow due
to strong final state interactions, described in the framework of viscous relativistic hydrodynamics. Even
though data for small size systems are well described in this framework, the applicability of hydrodynamics
is less well grounded and initial state based mechanisms have been suggested to explain the ridge. In this
review, we discuss particle correlations from the initial state point of view, with focus on the most recent
theoretical developments.
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1 Introduction
While the focus of the physics programme at the Large
Hadron Collider (LHC) is the discovery and understand-
ing of the properties of the previously missing piece in the
Standard Model – the Higgs boson – and the search for its
eventual failure, it has also shown very surprising and un-
expected aspects of Quantum Chromodynamics (QCD),
particularly in small collisions systems, pp and pA. One
of the most exciting observations made in high multiplic-
ity pp collisions by the CMS collaboration during the first
LHC run is the discovery of the correlations between pro-
duced particles over large intervals of rapidity, peaking at
zero relative azimuthal angle [1]. This phenomenon was
dubbed ridge due its shape in the azimuthal angle-rapidity
plot, and constitute one of the key findings at the LHC
(see Fig. 1).
Later on, this structure was found by other collabora-
tions and for smaller multiplicities [2,3,4,5] and in associ-
ation with Z boson production [6]. A similar ridge struc-
ture was also observed in pPb collisions at the LHC by the
four large collaborations [7,8,9,10]. A maximum in the
correlations also appears at azimuthal angle pi, called the
away side ridge in contrast to the near side ridge peaked
at zero azimuthal angle. They have also been observed
in PbPb collisions, see e.g. [11,12,13] for PbPb results
and a comparison with those in pPb. Similar correlations
were observed in AuAu, dAu and 3HeAu collisions at the
Relativistic Heavy Ion Collider (RHIC) [14,15,16,17,18,
19]. They have also been observed in photoproduction on
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● Two-particle correlations in 
pp and pPb at the LHC show 
features that in AA are 
attribut d o final state 
interac ions describable by 
viscous relativistic 
hydrodynamics and interpreted 
as a signal of equilibration.
● EKT and AdS/CFT: ydro 
works even for large 
momentum anisotropies.
● What about a non-hydro 
initial-state explanation? 
(a yway long range rapidity 
correl tions must come fr m 
the very early times…).
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N. Armesto, 18.04.2018 - Multi gluon correlations in the CGC: 1. Introduction.Fig. 1. Two particle correlations in pp and pPb collisions at the
LHC measured by the ATLAS Collaboration [2], for different
energies and particle multiplicities in the event. Taken from [2].
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Pb in ultraperipheral collisions (UPCs) at the LHC [20].
Their existence in smaller systems like e+e− collisions [21]
at the Large Electron-Positron collider and deep inelas-
tic scattering (DIS) events in ep at the Hadron-Elektron-
Ringanlage [22] has been scrutinised, but the results are
not conclusive. The ridge is the most striking feature in the
long list of similarities between small and large collision
systems in the observed results for many observables [23,
24,25,26,27].
The standard explanation for such azimuthal asym-
metries in heavy ion collisions (HICs) is the existence
of strong final state interactions that lead to a situation
where viscous relativistic hydrodynamics can be applied,
see the reviews [28,29]. The dynamics leading to such a
situation, called hydrodynamisation, is unclear [30] and
both strong and weak coupling explanations have been
proposed, see e.g. [31] and refs. therein. Furthermore, the
hydrodynamic description seems to hold for large anisotro-
pies, i.e. rather far from local equilibrium.
The hydrodynamic description of the azimuthal asym-
metries in pp and pPb collisions at the LHC is success-
ful [29,32]. There is a hot ongoing discussion on the expla-
nation of such success and of the fact that hydrodynamics
seems to be the effective description for long wavelength
modes in any field theory, see e.g. [33] and refs. therein.
But it demands a very careful choice of initial conditions,
specifically that the proton is modelled as a collection of
constituent quarks or hot spots. The description seems to
be pushed to the limit of small collision areas and low par-
ticle densities where non-hydrodynamic modes play a very
important role, as seen in both hydrodynamic studies [29]
and in those that consider a weak coupling quasiparticle
picture in transport frameworks [34].
Therefore, the hydrodynamic explanation for the az-
imuthal asymmetries in small systems looks tenuous. Be-
sides, causality arguments show that long range correla-
tions in rapidity must come from the very early stages
of the collision [35]. And hydrodynamic calculations de-
mand initial conditions that contains long range rapidity
correlations, initial energy and particle density and flow
profiles and, unless they are assumed to be completely
washed out by final state interactions, correlations. So, be-
yond addressing the obvious fundamental question: is the
strong interaction dynamics capable to lead to collectivity
through final state interactions even in small systems, or
is the origin of the ridge correlations different in pp and
pPb collisions than in HICs?, searching for correlations
coming from the initial state is linked to the understand-
ing of the dynamics prior to the use of hydrodynamics
and to the provision of well grounded initial conditions
for hydrodynamic calculations.
This contribution is devoted to the description and
discussion of those frameworks which lead to correlations
among partons in the initial stage that, if not washed out
by strong final state interactions and hadronisation – that
we will assume in the following, may lead to azimuthal
asymmetries as observed in data. We start by those based
on the weak coupling but non-perturbative description of
dense partonic systems offered by the the Color Glass Con-
densate (CGC) effective theory, see the reviews [36,37,38]
and the book [39]. This will be the subject of Sections 2
and 3. We will then review other explanations inspired in
QCD in Section 4, to end with a summary and discussions
in Section 5.
Our focus will be on recent formal developments and
we will base the presentation in our own works and formal-
ism, trying to make connection with the other formalisms
which differ in notation. We will comment briefly on the
status of the comparison to experimental data in the sum-
mary.
2 Two particle correlations from the CGC
The observation of the ridge correlations in small size sys-
tems has triggered a lot of efforts to understand whether
the structure of the initial state itself can lead, in pp and
pA collisions, to such correlations without resourcing to fi-
nal state interactions. Over the last decade, several mech-
anisms have been suggested to explain the ridge corre-
lations in the CGC framework. The two most successful
ones are the ”domain structure of the target” developed
in [40,41,42] and the ”glasma graph approach” introduced
in [35,43,44]1.
The underlying mechanism for the domain structure
of the target can be summarised as follows: the hadronic
target is assumed to contain domains of oriented chromo-
electric fields in the transverse plane. When two partons
(normally assumed to be gluons when the scattering takes
place at high energies and the probed values of momen-
tum fraction of the partons, x, is small) from the projectile
are close enough to scatter on the same domain, they get
a common final momentum that reflects the correlated
structure of the fields in the target. As gluons belong to
the adjoint, thus real, representation of the SU(Nc) group,
the correlation holds for both parallel and antiparallel mo-
menta, thus justifying the near and away side structures.
The size of the domain in the target is assumed to be
of order 1/Qs, with Qs being the saturation momentum
which is the characteristic transverse momentum for the
partons in the saturated target wave function described by
the CGC [36,37,38]. Projectile partons lying closer than
1/Qs contribute mainly to particle production in the re-
gion of transverse momentum pT & Qs. Therefore, this
mechanism should mainly be applicable in that transverse
momentum region.
1 Apart from these two approaches, there are also other
CGC-based mechanisms to describe the two particle correla-
tions from the initial state. In [45,46], it is argued that long
range rapidity correlations can be explained by the spatial
variation of the partonic density in the target. On the other
hand, in [47], the origin of two particle correlations is explained
through the rapidity evolution of dipole operators by breaking
the mean field approximation. Correlations in the hadron wave
functions as described in the CGC have been recently consid-
ered in [48] but with the aim of providing initial conditions
for hydrodynamic evolution beyond simple energy, flow and
particle density transverse profiles.
Tolga Altinoluk, Ne´stor Armesto: Particle correlations from the initial state 3
Note that this model implies a non-trivial target struc-
ture that goes beyond the usual isotropic averages em-
ployed in CGC calculations, see below. While still lacking
justification from first principles (although indeed CGC
numerical calculations indicate that field correlations in
the hadron wave functions are characterised by length
scales ∼ 1/Qs [49,50,51]), this explanation is often used
for qualitative discussion and understanding of numerical
results, and may have further implications on e.g. spin
or Transverse Momentum Distributions (TMDs) physics.
Numerical studies based on models containing this domain
structure have been performed in [52,53,54]. They show
correlations that go beyond leading number of colours,
see the discussion below, and lead to odd harmonics, see
Section 3.
On the other hand, the glasma graph approach to two
particle correlations is very successful to describe many
features of the data as shown in [55,56,57,58,59,60], but
the physics behind this approach was not clear. This is-
sue has been studied in [61] and it has been shown that
a genuine quantum effect, Bose enhancement of the glu-
ons in the projectile wave function, leads to final state
correlations in the glasma graph approach2.
The concept of Bose enhancement for a generic quan-
tum system can be understood by considering a state with
fixed occupation number, {ni(p)}, of N species of bosons
at different momenta which, up to some normalisation fac-
tor, can be written as∣∣{ni(p)}〉 ∝∏
i,p
[
a†i (p)
]ni(p)|0〉, (1)
with a†i (p) the creation operator of the boson and i =
1, 2, . . . , N . The mean particle density n˜ is defined as the
expectation value of the number operator in this state:
n˜ ≡ 〈{ni(p)}∣∣∑
j
a†j(x)aj(x)
∣∣{ni(p)}〉 = ∑
i,p
ni(p). (2)
The two particle correlator in momentum space C(p, k) is
defined in a similar way and can be calculated in a trivial
manner:
C(p, k) =
[∑
i
ni(p)
] [∑
j
nj(k)
]
+ δ(p− k)
∑
i
[
ni(p)
]2
. (3)
The first term on the right hand side of Eq. (3) is the
square of the mean particle density and the second term
is the Bose enhancement term. It vanishes when the mo-
menta of the two bosons are different and gives an en-
hancement when the momenta of two bosons coincide whi-
ch is O(1/N), due to the fact that it contains a single sum
2 In [62,63] a collective behaviour and azimuthal asym-
metries are obtained for small systems in a perturbative
framework as a consequence of quantum interference and
colour correlations. Spatial anisotropies result into momentum
anisotropies via multipole radiation patterns. This approach,
albeit formulated in a rather different language, shows similar-
ities with the glasma graph approach.
over the species index. The physics behind this is the fact
that only bosons of the same species are correlated with
each other.
Let us now describe how Bose enhancement arises in
the CGC and leads to final state correlations by consid-
ering the double inclusive gluon production within the
glasma graph approach. In this approach each gluon is
assumed to come from a different colour charge density in
the projectile wave function that is rapidity invariant3. For
our purposes, these colour charge densities can be conve-
niently represented in terms of gluon creation and annihi-
lation operators in the incoming projectile wave function.
After averaging over the target fields the glasma graphs
can be written as sum of three types of diagrams (see Fig.
2).
Type A diagrams describe the case when two gluons
with transverse momenta k1 and k2 scatter independently
on the target, acquiring transfer of transverse momentum
p− k1 and q− k2 so that the outgoing gluons have trans-
verse momenta p and q. Type B and Type C diagrams in-
clude interference contributions which are also interesting
to study but, for now, let us focus on the Type A contri-
bution and show how the Bose enhancement effect can be
observed by studying these diagrams alone. The Type A
contribution to the double inclusive gluon production can
be written as
Type A=
∫
d2k1
(2pi)2
d2k2
(2pi)2
〈in|a†ia (k1)a†jb (k2)aka(k1)alb(k2)|in〉
×
[
δik − k
i
1k
k
1
p2
] [
δjl − k
j
2k
l
2
q2
]
N(p− k1)N(q− k2),
(4)
where |in〉 is the wave function of the incoming projec-
tile and N(p− k) is the dipole scattering amplitude – the
scattering amplitude for a two gluon system to scatter on
the target. Moreover, the rapidity dependence of the gluon
creation and annihilation operators is integrated over. The
explicit dependence on rapidity becomes important only
when the rapidity difference between the observed parti-
cles is parametrically large, ∆η & 1/αs.
The evaluation of the expectation value of any opera-
tor in the incoming projectile state requires a two averag-
ing procedure in the CGC. In [61], averaging over the va-
lence colour charge density is performed first which leads
to the density matrix operator ρˆ on the soft gluon Hilbert
space. Then, the second averaging over the soft gluons
is performed using this density matrix operator. The two
particle correlator that appears in the Type A contribu-
tion calculated with this procedure leads to the following
result:
C(k1,k2) = S
2
⊥(N
2
c − 1)2
ki1k
k
1
k21
kj2k
l
2
k22
g4µ2(k1)µ
2(k2)
k21k
2
2
3 These two assumptions are justified at high enough energy
or at small x where the colour charge density is high so gluons
can be treated semiclassically, and they have evolved radiation
tails that populate phase space uniformly in ln 1/x.
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Expansion of the background propagator
Perturbative expansio around free cl ssical path:
a†(k1) a†(k2) a(k2) a(k1)
q
p
q
p
N(p  k1)
N(q   k2)
TYPE A
1
a†(k1) a†(k2) a(k4) a(k3)
q
p
q
p
N(p  k1)
N(q   k2)
TYPE B
1
a†(k1) a†(k2) a(k4) a(k3)
q
p
q
p
N(p  k1) N(q   k4)
TYPE C
1
Tolga Altinoluk Next-to-eikonal corrections in the CGC
Fig. 2. Glasma graphs for two gluon inclusive production before averaging over the projectile colour charge density ρ. Black
blobs denote vertices and dashed lines the cuts separating the amplitudes (to the left of the cut) from the complex conjugate
amplitudes (to the right). Taken from [61].
×
{
1 +
1
S⊥(N2c − 1)
[
δ(2)(k1 − k2) + δ(2)(k1 + k2)
]}
,(5)
where S⊥ is the transverse area of the projectile. The first
term on the right hand side of Eq. (5) is the classical term
which corresponds to the square of the number of gluons,
while the second term is the typical Bose enhancement
term, relatively suppressed by the number of states in the
adjoint colour representation.
If we consider a situation where the incoming projectile
has intrinsic saturation momentum Qs and the momenta
of the produced gluons are also ∼ Qs, i.e. |p| ∼ |q| ∼ Qs,
then the production amplitude is dominated by the con-
tributions |k1| ∼ |k2| ∼ Qs. The initial state correlations
are encoded in the Bose enhancement terms in Eq. (5),
which are delta functions. The interaction with the tar-
get is obtained by convoluting the two particle correlator
with the dipole amplitudes N(p− k1)N(q− k2). Since,
in this kinematics, the momentum transfers from the tar-
get ( |p− k1| ∼ |q− k2|  Qs ) are small and the Bose
enhancement terms involve delta functions, these initial
state correlations naturally transform into angular corre-
lations between the produced gluons in the final state. In a
more general case, the delta functions, which are an arte-
fact of considering a translationally invariant projectile,
are smeared when convoluted with the dipole scattering
amplitudes but this should not completely destroy the fi-
nal state angular correlations.
The immediate question that arises after the study of
gluons is whether quarks are subject to correlations in the
CGC. This question has been posed in [64] where the cor-
relations between the produced quarks were studied. The
results in [61] show that the origin of the correlations be-
tween the produced gluons is the Bose enhancement of
the projectile gluons. Due to their fermionic nature, one
expects quarks to experience Pauli blocking which effec-
tively amounts to a suppression of the probability of find-
ing two quarks with the same quantum numbers in the
CGC state. Therefore, one should expect a negative cor-
relation between the final state quarks that originate from
the initial state ones. On the other hand, the correlation
between the gluons is found to be long range in rapidity
since the CGC wave function is dominated by the rapidity
integrated soft gluon field. Thus, another important ques-
tion to answer is: are the (anti)correlations between the
final state quarks long or short range in rapidity? The
answer to this question is not obvious a priori. In the
projectile wave function, quarks are produced via split-
ting of the rapidity invariant gluons into quark-antiquark
pairs. However, the splitting amplitude itself depends on
the rapidity of the quark and antiquark. Moreover, due to
this splitting in the projectile wave function the expres-
sion for the production cross section of quarks is much
more complicated compared to the one for gluons. These
questions are answered in [64] where it was shown that
the initial state correlations between the quarks in the
projectile wave function are not distorted by the small
momentum transfer from the target in specific kinemat-
ics. In these kinematics, the rapidity difference between
the produc d quarks is latively large, i.e. η1 − η2  1.
Moreover, a large contribution comes from the situation
where the transverse momenta of the produced quarks p
and q are of the same order and much larger than the sat-
uration scale of the projectile Qs, and the saturation scale
of the projectile is much larger than saturation scale of the
target QT , i.e. |p| ∼ |q|  Qs  QT . Then the contri-
bution to the production cross section that is sensitive to
correlations has the following behaviour (see Eqs. (3.19)
and (3.20) in [64] for the full expressions):
dσ
d2pdη1 d2qdη2
∣∣∣∣
corr.
∝ −
[
e−(η1−η2)(η1 − η2)2
]
. (6)
The negative sign of this contribution shows that it sup-
presses the classical term as opposed to the gluon case.
This is the result of the Pauli blocking effect in quark-
quark production. Moreover, this effect decays exponen-
tially with the rapidity difference between the two pro-
duced quarks, which shows that it is short range in ra-
pidity. However, this exponential decrease is tempered by
two powers of the rapidity difference.
Besides, there is another physical effect present in the
glasma graph approach which is referred to as the Hanbury-
Brown-Twiss (HBT) correlations between the produced
gluons4 [67]. The diagrams in the glasma graph approach
4 HBT correlations are studied in [65,66] in the kT factori-
sation approach.
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that lead to HBT correlations are those in Fig. 3 after
performing pair wise contraction of the colour charges in
the projectile wave function. Assuming a translationally
invariant projectile wave function, the contribution from
Type B and Type C diagrams to the production cross
section is
Type B ∝ δ(2)(p− q) , Type C ∝ δ(2)(p+ q). (7)
Expansion of the background propagator
Perturbative expansion around free classical path:
a†(k1) a†(k2) a(k4) a(k3)
q
p
q
p
N(p  k1)
N(q   k2)
TYPE B
1
a†(k1) a†(k2) a(k4) a(k3)
q
p
q
p
N(p  k1)
N(q   k2)
TYPE B
1
a†(k1) a†(k2) a(k4) a(k3)
q
p
q
p
N(p  k1) N(q   k4)
TYPE C
1
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Fig. 3. Glasma graph diagrams (after averaging over the pro-
jectile colour charges) that lead to HBT correlations. Taken
from [67].
If the translational invariance condition is relaxed, then
the delta functions are smeared over a scale of the inverse
size R−1 of the projectile: |p± q| ∼ R−1. This size R rep-
resents the radius of the gluon cloud inside the proton and
its inverse is smaller than the saturation scale, R−1 < Qs.
Moreover, it is also shown in [67] that the HBT correla-
tions are long range in rapidity just as the Bose enhance-
ment effect. Thus, the strength of the HBT correlations is
equal when the rapidities of the two produced gluons are
similar (η1 ' η2) or when the difference between them is
large (|η1 − η2|  1).
To sum up, the correlation function C(p,q), formally
defined as the ratio of double inclusive gluon production
cross section to the square of the single one, in the glasma
graph approach contains two physical effects and can be
written as follows:
C(p,q) = 1 + C(p,q)
∣∣∣
BE
+ C(p,q)
∣∣∣
HBT
. (8)
The first term on the right hand side of Eq. (8) is the
classical contribution which originates from the square
of single inclusive production. C(p,q)
∣∣
BE
represents the
effect of Bose enhancement of the gluons in the projec-
tile wave function. As described above, this effect leads
to a correlation of the final state gluons. On the other
hand, C(p,q)
∣∣
HBT
represents the HBT correlations in the
glasma graph approach which directly introduces corre-
lations between the final state gluons. Both C(p,q)
∣∣
BE
and C(p,q)
∣∣
HBT
are rapidity independent, therefore long
range in rapidity. The Bose enhancement contribution is
suppressed by the transverse area of the projectile with
respect to the HBT contribution (actually by the num-
ber of “sources” Q2sS⊥). However, it leads to correlations
whose width in momentum space is determined by the
saturation momentum Qs. On the other hand, the HBT
contribution is not suppressed but it gives a narrow peak
Bose Enhancement (BE)
HBT
Qs
R
-1
q
Fig. 4. Schematic separation in q (here the modulus of the
difference in transverse momentum between the produced glu-
ons) between the contributions to the HBT effect (solid line)
and to the Bose enhancement effect (dashed line) in the two
particle correlation function. Taken from [67].
in momentum space with width R−1. This comparison is
shown in Fig. 4.
In the explicit calculations in the glasma graph ap-
proach to double inclusive particle production5, the av-
eraging over the target configurations that leads to the
dipole scattering amplitude is performed expanding this
amplitude to the lowest non trivial order in the target
field strength, corresponding to two gluon exchange be-
tween the gluons in the projectile wave function and the
target. The dipole scattering amplitudes N(p− k1) and
N(q− k2) introduced in Eq. (4) are assumed to origi-
nate from single pairs of target fields and therefore this
approach does not take into account the effects of multi-
ple scatterings in a dense target. Therefore, this approach
is only valid for pp collisions6. In [70], the inclusive pro-
duction of two and three gluons is computed beyond the
glasma graph approach by including the multiple scatter-
ing effects, which extends the validity of the glasma graph
approach from pp to pA collisions7.
Apart from taking into account the multiple scattering
effects in [70], a systematic way to identify each term in
the double inclusive gluon production cross section and
to characterise whether it is a Bose enhancement or HBT
contribution is introduced. This identification is performed
5 Three and four gluon inclusive production are considered
in [68,69] within the glasma graph approach.
6 The previously discussed conditions in the projectile of
large colour charge and rapidity independence of the gluon
distribution are assumed to hold in pp.
7 This extension is studied numerically in [71], and also ana-
lytically in [72]. The main difference between the latter and [70]
is the computation framework. Two gluon correlations in [72]
are computed within the kT -factorised approach which is dif-
ficult to generalise to three or more particles. Moreover, the
results of [72] are valid only in the large Nc limit as opposed to
the results in [70] which are valid for finiteNc. In this sense, [72]
can be considered as the first attempt to generalise the glasma
graph approach to two gluon production from pp to pA.
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by adopting the following strategy. When calculating the
double inclusive gluon production, one has to average over
four colour charges (two in the amplitude and two in the
complex conjugate amplitude) in the projectile wave func-
tion: 〈ρa1(x1)ρa2(x2)ρb1(y1)ρb2(y2)〉P . Here, (xi, ai) and
(yi, bi) stand for the transverse position and colour indices
of the colour charge densities in the amplitude and in the
complex conjugate amplitude, respectively. The averag-
ing over the colour charge distributions in the projectile
is commonly performed by using a generalised McLerran-
Venugopalan (MV) model [73,74] where the weight func-
tional is Gaussian. Then, the average of any product of
colour charge densities factorises into a product of all pos-
sible pair, Wick-like contractions. The correlator of two
colour charge densities in momentum space can be defined
as
〈ρa(k)ρb(p)〉P = δabµ2(k,p). (9)
The function µ2(k,p) characterises the structure of the
projectile. It can be written as
µ2(k,p) = T
(
k− p
2
)
F
[
(k+ p)R
]
, (10)
where F
[
(k+ p)R
]
is a soft form factor with maximal
value F (0), and R is the radius of the projectile. Function
T defines the transverse momentum dependent distribu-
tion of the valence charges. The soft form factor identifies
whether a term is a contribution to the Bose enhancement
of the projectile gluons or a contribution to the HBT cor-
relations of the produced gluons. For example, in our set
up the produced gluons have momenta p and q, while the
projectile gluons carry transverse momenta k1 and k2.
In this case, µ2(p,q) gives a maximal contribution when
p+ q = 0 which clearly can be identified as the HBT
correlations of the produced gluons. µ2(k1,k2) is peaked
when k1 + k2 = 0 which is a contribution to the Bose en-
hancement of the gluons in the projectile wave function.
On the other hand, multiple scattering effects on the
dense target are taken into account by introducing the
standard Wilson lines in the CGC framework. In this fra-
mework, the interaction between the projectile and the
target is assumed to be eikonal which amounts to the situ-
ation where each parton produced by the projectile colour
charge scatters on the target by picking up a colour ro-
tation described by a Wilson line which is defined as an
exponential of the target field ordered in the x+ coordi-
nate:
UR(x) = P+ eig
∫
dx+ TaR A
−
a (x
+,x), (11)
at the amplitude level. Here, T aR is the SU(Nc) generator
in the representation R which can be the fundamental one
for a quark and the adjoint one for a gluon. This leads to
the appearance in the cross section of double dipole and
quadrupole amplitudes (in the adjoint representation) of
the type
〈s(x,y)s(z,w)〉T , 〈Q(x,y, z,w)〉T , (12)
which have to be averaged over the target field distribu-
tions. The dipole and the quadrupole operators are defined
as
s(x,y) =
1
N2c − 1
tr
[
U(x)U†(y)
]
, (13)
Q(x,y, z,w) =
1
N2c − 1
tr
[
U(x)U†(y)U(z)U†(w)
]
.(14)
The cross section has to be integrated over four trans-
verse coordinates. In principle, the maximal contribution
should come from the area in coordinate space, i.e. when
all the four coordinates are far away from each other. How-
ever, all four points cannot be far away from each other
since the target field ensemble has to be colour neutral,
and colour neutralisation in the CGC happens on scales
of order 1/Qs. Therefore, the maximal contribution to the
integral must come from the configurations where the four
points are combined into pairs, such that each pair is a sin-
glet and the distance between the pairs is large. This is
the leading contribution in 1/(Q2sR
2) to the integral on
transverse coordinates8 – not, by any means, a good rep-
resentation of the target averages of ensembles of Wilson
lines by themselves. Taking into account only such con-
figurations is equivalent to calculating the target averages
of products of any number of Wilson lines by factorising
them into averages of pairs with basic Wick contraction.
In this case, target averaging of the double dipole and the
quadrupole amplitudes can be written as
〈Q(x,y, z,w)〉T ≈ d(x,y)d(z,w) + d(x,w)d(z,y)
+
1
N2c − 1
d(x, z)d(y,w), (15)
〈s(x,y)s(z,w)〉T ≈ d(x,y)d(z,w)
+
1
(N2c − 1)2
[
d(x,w)d(z,y) + d(x, z)d(y,w)
]
,(16)
where we have defined d(x,y) ≡ 〈s(x,y)〉T . Then, by us-
ing the function µ2(k,p) given in Eq. (10) for the projec-
tile colour charge density correlators and using the factori-
sation ansatz described above for the double dipole and
quadrupole amplitudes, the double inclusive gluon pro-
duction cross section is computed and the nature of all
the terms is identified. Moreover, it is also shown that the
contributions to final state correlations comes from the
quadrupole terms in two gluon production9.
3 Odd azimuthal harmonics from the CGC
To describe one key existing problem in usual CGC cal-
culations, namely the absence of odd harmonics, let us
briefly discuss double inclusive particle production in more
depth. Within the approximations described in Section 2,
double inclusive gluon production is computed in pA col-
lisions in [70]. The production cross section of two gluons
with rapidities η1 and η2, and transverse momenta k1 and
k2 (see Fig. 5) reads
8 An equivalent reasoning based on colour neutralisation at
large distances can be found in [65,66].
9 A comprehensive study of gluon-gluon, quark-quark and
quark-antiquark correlations in pA collisions is also performed
in [75,76].
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Fig. 5. Momentum assignment for the double inclusive gluon
production. The grey blobs represent the colour charge densi-
ties in the projectile wave function. q1 and q2 are the trans-
verse momenta transferred from the target during the interac-
tion.
dσ
d2k1dη1d2k2dη2
= α2s(4pi)
2(N2c − 1)2
∫
d2q1
(2pi)2
d2q2
(2pi)2
d(q1)
× d(q2)
{
I0 +
1
N2c − 1
I1 +
1
(N2c − 1)2
I2
}
+ (k2 → −k2),
(17)
where
I0 =
1
2
µ2(k1 − q1,q1 − k1)µ2(k2 − q2,q2 − k2)
× Li(k1,q1)Li(k1,q1)Lj(k2,q2)Lj(k2,q2), (18)
I1 = µ
2 (k1 − q1,q2 − k2)µ2(k2 − q2,q1 − k1)
× Li(k1,q1)Li(k1,q1)Lj(k2,q2)Lj(k2,q2)
+ µ2 (k1 − q1,q1 − k2)µ2(k2 − q2,q2 − k1)
× Li(k1,q1)Li(k1,q2)Lj(k2,q1)Lj(k2,q2), (19)
I2 = µ
2(k1 − q1,q2 − k1)µ2(k2 − q2,q1 − k2)
× Li(k1,q1)Li(k1,q2)Lj(k2,−q1)Lj(k2,−q2)
+ µ2(k1 − q1,q2 − k2)µ2(−k1 − q2,q1 + k2) (20)
× Li(k1,q1)Li(k1,−q2)Lj(k2,−q1)Lj(k2,q2).
Here, function µ2 defines the structure of the projectile,
Eq. (10). On the other hand, function Li(k,q) is the eik-
onal Lipatov vertex which is defined as
Li(k,q) ≡ (k− q)
i
(k− q)2 −
ki
k2
. (21)
Note that, as discussed in Section 2, all correlations are
subleading in 1/Nc which is due to the use of Gaussian
averages – the MV model. Moreover, the double gluon
inclusive production cross section is written in terms of
the dipole averages assuming translational invariance of
the target (a standard approximation which is reasonable
in pA for large nuclei):
d(x1,x2) =
∫
d2q1
(2pi)2
d2q2
(2pi)2
e−iq1·x1+iq2·x2
× d
(
q1 + q2
2
)
δ(2)(q1 − q2). (22)
A convenient way to study two particle correlations is
through a Fourier decomposition into harmonics defined
in for the azimuthal angle ∆φ between the produced glu-
ons with transverse momenta k1 and k2. When Fourier
expanded, the double inclusive gluon spectrum Eq. (17)
can be written as
N(k1, k2, ∆φ) = a0(k1, k2)
[
1+
∞∑
n=0
2Vn∆(k1, k2) cos(n∆φ)
]
,
(23)
where
Vn∆(k1, k2) =
∫ pi
0
N(k1, k2, ∆φ) cos(n∆φ)d∆φ∫ pi
0
N(k1, k2, ∆φ)d∆φ
. (24)
One way of defining the pT dependence of the Fourier
coefficients is by fixing one of the momenta (k1 = p
ref
T ),
and treating the other one as a free variable (k2 = pT ).
With this choice, the azimuthal harmonics are defined as
vn(pT ) =
Vn∆(pt, p
ref
T )√
Vn∆(p
ref
t , p
ref
T )
. (25)
The key theoretical problem for the description of the
two particle correlations within the CGC is the absence of
the odd harmonics. This problem is analyzed in [41], and
it is shown to be due to the symmetry (k2 → −k2) of the
double inclusive gluon production cross section Eq. (17)
which is also referred to as the “accidental symmetry of
the CGC”.
Three ways10 have been proposed to solve this prob-
lem11. On the one hand, the projectile and target can be
characterised by a more involved structure than that con-
sidered in the usual MV averages [40,41,42,52,53,54].
On the other hand and as discussed previously, within
the CGC framework each produced gluon originates from
a separate colour charge density in the projectile wave
function as shown in Fig. 5. The contributions to the
projectile wave function that emerge from merging of the
gluons before the interaction with the target or splitting
of a gluon into two gluons emitted from the same colour
charge density, are not taken into account in the standard
CGC calculations. Recently, in [80,81] it is shown that
the accidental symmetry of the CGC can be broken by
including such corrections to the projectile wave function.
The even and odd parts of the double inclusive gluon pro-
duction cross section under the accidental symmetry are
computed separately, and finally, the azimuthal harmonics
are calculated. The corresponding numerical studies and
a comparison with data are performed in [82,83].
10 Here we refer to gluon production which is the dominant
mechanism at small x or high energies. Quarks, obeying Fermi-
Dirac statistics and belonging to a non-real colour representa-
tion, can give rise to odd harmonics as investigated in [60,77,
78].
11 Besides, the role of the centrality or multiplicity event se-
lection for the breaking of the accidental symmetry and the ap-
pearance of odd azimuthal harmonics has been analysed in [79].
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Finally, inclusive gluon production is usually studied
within the eikonal approximation in the CGC framework.
In recent studies [84,85], it is shown that the accidental
symmetry can be broken by going beyond this eikonal ap-
proximation. In the next subsection, we introduce a sys-
tematic way to include subeikonal corrections in CGC cal-
culations and show how these corrections give rise to non-
vanishing odd harmonics.
3.1 Subeikonal corrections in the CGC
In inclusive gluon production at central rapidity in pA
collisions, both the projectile and the target are highly
energetic since they are boosted from their initial rapidity
to the central rapidity where the collision occurs. There-
fore, in this case both colliding objects can be treated
in the CGC framework. This corresponds to defining the
projectile by the colour charge Jµa (x),
Jµa (x) = δ
µ+δ(x−)ρa(x), (26)
and the target by the colour field Aµa(x) that is given as
Aµa(x) = δ
µ−δ(x+)A−a (x). (27)
Let us recall that these expressions of the colour charge of
the projectile and the colour field of the target are defined
within the eikonal approximation, which is justified by the
large energy of both colliding objects. If for the dilute pro-
jectile the eikonal approximation can be trusted at a given
energy, the same approximation for a large target can be
true only for larger energies. The eikonal approximation
for the target amounts to the following three conditions:
1. Aµa(x) ' δµ−A−a (x): Neglecting the (+) and transverse
components of the colour field of the target.
2. Aµa(x) ' Aµa(x+,x): Neglecting the x− dependence in
the colour field of the target.
3. Aµ(x) ∝ δ(x+): Assuming that the target field is peaked
around x+ = 0 due to Lorentz contraction, which is
also known as the shockwave approximation.
In realistic kinematical conditions under which the experi-
ments are performed, the energies are not asymptotic and
the eikonal approximation is not always justified. While
for a dilute projectile it is usually valid even for high en-
ergy collisions, this is not necessarily true for a large nu-
cleus. Relaxing any of the above approximations accounts
for corrections to the eikonal limit. In [86,87], a systematic
method to compute the corrections to the eikonal limit by
relaxing the third approximation is developed. This cor-
responds to treating the colour field of the target with a
finite longitudinal support L+ along the x+ direction, thus
replacing Eq. (27) by
Aµa(x) ' δµ−A−a (x+,x). (28)
Such subeikonal corrections are thus subleading with re-
spect to the infinite Lorentz contraction of the target.
Before discussing the results, let us give a brief sketch
of the method employed to derive the non-eikonal correc-
tions. Let us consider the production of a single gluon with
transverse momenta k and longitudinal momenta k+ in pA
collisions at central rapidity. The dilute projectile is still
treated in the eikonal approximation and defined with the
charge density Jµa (x) given in Eq. (26). On the other hand,
the eikonal approximation is relaxed for the dense target
that is defined by the colour field Aµa(x) given in Eq. (28)
with a finite support from 0 to L+ in the longitudinal di-
rection. In this case, the production cross section can be
written as the square of the gluon production amplitude
averaged over the projectile and target distributions and
integrated over impact parameter B:
2k+
dσ
dk+d2k
=
∫
d2B
∑
λ
〈〈
|Maλ(k,B)|2
〉
P
〉
T
. (29)
Here, λ, a and k = (k+,k) are the polarization, colour
and momentum of the produced gluon12. For a target
with finite longitudinal width, the gluon production am-
plitudeMaλ(k,B) is composed of three different contribu-
tions: gluon production before, while and after the pro-
jectile propagates through the target. At leading order, it
is possible to relate the total gluon production amplitude
and the background retarded gluon propagator by using
the LSZ reduction formula and the perturbative expan-
sion of the colour field of the target [88]. In the light cone
gauge A+ = 0, the total gluon production amplitude can
be written in terms of the (i−) component of the back-
ground retarded gluon propagator GµνR (x, y) as
Maλ(k,B) = i∗λ (2k+) lim
x+→0
∫
d2x
∫
dx−eik·x
×
∫
d4y Gi−R (x, y)ab J
+
b (y). (30)
Since the colour field of the target is independent of x−,
one can introduce the one-dimensional Fourier transform
of the background retarded gluon propagator and write it
in terms of of the background scalar propagator Gµνk+(x, y).
Then, the (i−) component of the retarded background
gluon propagator reads
Gi−R (x, y)ab =
∫
dk+
2pi
e−ik
+(x−−y−) i
2(k+ + i)2
∂yiGabk+(x, y).
(31)
The background scalar propagator Gabk+(x, y) satisfies the
scalar Green’s equation whose solution formally can be
written as a path integral
Gabk+(x, y) = θ(x+ − y+)
∫ z(x+)=x
z(y+)=y
[Dz(z+)] (32)
× e ik
+
2
∫ x+
y+
dz+z˙2(z+)
Uab
(
x+, y+;
[
z(z+)
])
,
with the Wilson line
Uab
(
x+, y+;
[
z(z+)
])
= P+ exp
{
ig
∫ x+
y+
dz˜+ T cA−c
(
z˜+, z(z+)
)}ab
(33)
12 Hereafter, we use the underline notation to indicate that
for coordinates x = (x+,x) and for momentum k = (k+,k).
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following the Brownian trajectory z(z+). In the limit of
vanishing longitudinal width, x+ − y+ → 0, the back-
ground scalar propagator Gabk+(x, y) reduces to the stan-
dard Wilson line introduced in Eq. (11) and one recovers
the eikonal limit. Therefore, it can be safely concluded
that all the non-eikonal effects that are due to the finite
longitudinal width of the target are encoded in the back-
ground scalar propagator. This also means that an expan-
sion of Gabk+(x, y) can be performed in terms of an eikonal
parameter, with the first term in this expansion corre-
sponding to the eikonal limit and higher order terms to
the corrections to this limit.
In order to perform an eikonal expansion of the back-
ground scalar propagator Gabk+(x, y), one should first dis-
cretise the scalar background propagator. In the eikonal
limit, k+/(x+ − y+) is much larger than any transverse
scale in the problem. In the large k+ limit, it is natural
to consider a generic path as a perturbation around the
classical free path,
zn = z
cl
n + un , (34)
where the transverse positions at step n are on the straight
line
zcln = y +
n
N
(x− y) (35)
between the initial and final points, and the perturbation
un satisfies the boundary conditions u0 = uN = 0 with N
being the number of discretised steps. Once the expansion
around the free classical path is performed for fixed initial
and final positions, one should perform another expansion
for small x− y, since x− y is parametrically small in the
large k+ limit. After performing these two expansions up
to second order in (x+−y+) – the finite longitudinal width
of the target, the scalar background propagator Gabk+(x, y)
reads∫
d2x e−ik·x Gabk+(x, y)
= θ(x+ − y+)e−ik·ye−k−(x+−y+)
{
U(x+, y+;y)
+
(x+ − y+)
k+
[
kiU i[0,1](x
+, y+;y) +
i
2
U[1,0](x
+, y+;y)
]
+
(x+ − y+)2
(k+)2
[
kikjU ij[0,2](x
+, y+;y) (36)
+
i
2
kiU i[1,1](x
+, y+;y)− 1
4
U[2,0](x
+, y+;y)
]}ab
.
The first term on the right hand side of Eq. (36) is the
standard Wilson line defined in Eq. (11). O[(x+−y+)/k+]
terms are the first order corrections to the strict eikonal
limit which we refer to as next-to-eikonal (NEik) correc-
tions. Similarly, O[(x+ − y+)2/(k+)2] terms are the sec-
ond order corrections and they are referred to as next-
to-next-to-eikonal (NNEik) corrections. The terms that
are denoted as U[α,β](x
+, y+;y) are the decorated Wilson
lines which only appear beyond strict eikonal order. The
first subscript α in the decorated Wilson lines stands for
the order of expansion around the classical path while the
second subscript β stands for the order of the expansion
around the initial transverse position y. The reason why
these objects are referred to as decorated Wilson lines is
related with their structure. These objects involve a back-
ground field insertion into the standard Wilson lines along
the +-direction in a given +-coordinate. For example, the
first decorated Wilson line is defined as[
U i[0,1](x
+, y+;y)
]ab
=
∫ x+
y+
dz+
z+ − y+
x+ − y+ (37)
×Uac(x+, z+;y)[ig T ecd ∂yiA−e (z+,y)]Udb(z+, y+;y).
The other decorated Wilson lines have similar structure
with one or more background field insertions. We do not
present the structure of all the decorated Wilson lines due
their complexity and lengthy expressions (see [87]). One
can easily get the expression for the gluon production am-
plitude at NNEik accuracy given in Eq. (30) by using the
expression of the retarded background gluon propagator
Eq. (31) and the expression derived for the background
scalar propagator Eq. (36).
As discussed above, the retarded background gluon
propagator GµνR (x, y)ab and, therefore, the scalar back-
ground propagator Gabk+(x, y) are the main building blocks
for computing cross sections in high energy pA collisions.
In [86,87], these propagators were used to calculate the
single inclusive gluon production cross section in pA col-
lisions at NNEik accuracy. The same formalism can be
adopted to compute double inclusive gluon production
and hence the azimuthal harmonics in pA collisions [84,
85].
In [89], the results of the single inclusive gluon pro-
duction cross section at NNEik accuracy in pA collisions
are used to study the weak field limit (i.e. glasma graph
approximation) of this result which corresponds to sin-
gle inclusive production in pp collisions. In this limit, the
decorated Wilson lines are expanded to first order in the
background field of the target A−a (z
+,y). For example,
the first decorated Wilson line given in Eq. (37) reduces
to[
U i[0,1](x
+, y+;y)
]ab
→
∫ x+
y+
dz+
z+ − y+
x+ − y+
× [ig T cab ∂yiA−c (z+,y)]. (38)
This simplification allows us to calculate the Lipatov ver-
tex at NNEik accuracy. After expanding the eikonal and
non-eikonal terms to first order in powers of the back-
ground field, which corresponds to the glasma graph ap-
proach in usual CGC calculations, the Lipatov vertex at
NNEik accuracy can be written as
LiNNEik(k,q;x
+) =
[
(k− q)i
(k− q)2 −
ki
k2
]
×
{
1 + i
k2
2k+
x+ − 1
2
(
k2
2k+
x+
)2}
.(39)
The first term on the right hand side of Eq. (39) corre-
sponds to the strict eikonal limit, thus it gives the eikonal
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2
II. DERIVATION OF THE NON-EIKONAL LIPATOV VERTEX
As usually done in the CGC, we describe a high energy p-A collision by a right moving dilute projectile which
interacts with a left moving dense target described by a random and intense (O(1/g)) classical gluon field Aµ(x).
The simplest setup to derive the non-eikonal Lipatov vertex is considering the emission of a gluon from a projectile
massless quark in the process of a single scattering with the target (an analogous calculation leading to the same
conclusions on the non-eikonal corrections holds for a projectile gluon). In light cone coordinates a± = (a0 ± a3)/
p
2
and in the light cone gauge (n ·A = A+ = 0, n = (0, 1, 0?) in (+, ,?) coordinates), this field can be written as
Aµ(x) ⇡  µ  (x+)A (x?), (1)
since the transverse component of the gluon field is not altered by the large Lorentz   factor, the x  dependence
disappears due to the time dilatation and the target is shrinked to x+ = 0 forming a shock-wave. However, in some
applications these suppressed terms may be sizeable. For this reason, in this note we will relax the infinite boost
approximation, in order to calculate the corresponding non-eikonal corrections to the usual Lipatov vertex computed
at O(g2).
To proceed, we analyze gluon production in p-A collisions in the quark initiated channel and compute the Lipatov
vertex, which is an e↵ective vertex that takes into account all the real contributions to gluon production. For that
one needs to sum the amplitudes where the gluon is emitted before, during and after the interaction with the field as
shown in Fig. 1.
A B C
FIG. 1: Diagrams that contribute to the computation of the Lipatov vertex. The black dot represents the Lipatov vertex which
is the sum of all real diagrams for gluon production shown on the right hand side of the equation.
Our setup is such that the right moving quark with momentum p+k q is generated by some function J(p+k q) =
J(p+ + k+   q+) at x+0 =  1 and (x 0 , x0?) = 0, and then interacts with the classical gluon field Aµ(x) generated
by one scattering source located at x1, picking up a momentum q. However, since we are interested in non-eikonal
corrections, we consider Aµ(x) with an x+ dependence which has a finite support instead of treating it as a shockwave
at x+ = 0, but we still assume that there is no dependence on x . That is, the new form of Eq. (1) is
Aµ(x) ⇡  µ Aµ(x+, x?), (2)
or, in momentum space,
Aµ(q) ⇡  µ  2⇡ (q+)A (q , q?). (3)
Furthermore, we assume that the outgoing quark has a large momentum p+ compared to all other momenta in the
process. The general strategy in this case is to keep the leading terms in +-momenta in the numerator algebra, while
taking the full phase corrections coming from the integration of the denominators, see below, as done in the Furry
approximation and its non-abelian generalization [75].
We start by computing diagram A where the gluon is emitted with momentum k before the quark interaction with
the target field as shown in Fig. 2. Using the Feynman rules, we find that the amplitude for fixed gluon and final
quark momenta is
iMA =u¯(p)( ig µta)
Z
d4q
(2⇡)4
Aaµ(q)e
iqx1
i(/p  /q)
(p  q)2 + i✏ ( ig 
⌫tb)✏b⇤⌫ (k)
⇥ i(/p+ /k   /q)
(p+ k   q)2 + i✏e
i(p+k q)x0J(p+ k   q), (4)
with ta the SU(Nc) generators in the fundamental representation.
Since p+ is the largest momentum in our problem, we approximate /p  /q ⇡ /p and /p+ /k   /q ⇡ /p and write
iMA ⇡ u¯(p)ei(p+k)x0g2tatb
Z
d4q
(2⇡)4
/A
a
(q)/p/✏
b⇤(k)/p
[(p  q)2 + i✏][(p+ k   q)2 + i✏]e
iq(x1 x0)J(p+ + k+   q+). (5)
Fig. 6. Diagrams that contribute to the computation of the Lipatov vertex. The black blob represents the Lipatov vertex which
is the sum of all real diagrams for gluon production s own on he righ hand side of the equation. Taken from [84].
Lipatov vertex defined in Eq. (21). The second and the
third terms are the NEik and NNEik corrections respec-
tively. The structure of the vertex suggests that the cor-
rectio s to the amplitude due to finite width of the target
may exponentiate.
This observation is further studied recently in [84] whe-
re it was shown that indeed the non-eikonal corrections
due to finite longitudinal width of the target in the weak
field limit exponentiate and can be written as modified
Lipatov vertex. By computing the corresponding three di-
agrams (see Fig. 6) at the amplitude level and keeping the
phase eik
−x+ which is taken to be one in the eikonal limit,
the non-eikonal Lipatov vertex that accounts for all order
corrections to the eikonal limit due to finite longitudinal
width of the target in the weak field limit reads
LiNonEik(k,q;x
+) =
[
(k− q)i
(k− q)2 −
ki
k2
]
eik
−x+ , (40)
where k− ≡ k2/(2k+). This structure was observed in the
context of jet quenching in [90,91,92] previously, however
the identification of this building block for its use to in-
clude non-eikonal corrections in CGC calculations is done
in [84] for the first time, further illustrating the close re-
lation between CGC and jet quenching calculations [88].
It is now straightforward to compute the non-eikonal
single inclusive gluon production in pp (i.e. dilute-dilute)
collisions which formally reads
dσ
d2kdη
∣∣∣∣NonEik
dilute
= 4piαs CA g
2
∫
dx+1 dx
+
2
∫
d2q1
(2pi)2
d2q2
(2pi)2
× δcc¯〈A−c (x+1 ,q1)A−c¯ (x+2 ,q2)〉T µ2[k− q1,q2 − k]
×LiNonEik(k,q1;x+1 )LiNonEik(k,q2;x+2 ). (41)
An additional modification that is needed to account for
the finite longitudinal width of the target is to adopt a
modified expression for the correlator of two target fields.
Motivated by the non zero longitudinal extent of the tar-
get, the fields can be located at different positions that
are separated by the colour correlation length in the tar-
get λ+. In this case, the two target field correlator reads
〈A−c (x+1 ,q1)A−c¯ (x+2 ,q2)
〉
T
= δcc¯ n(x+1 )
1
2λ+
(42)
× θ(λ+ − |x+1 − x+2 |) (2pi)2δ(2)(q1 − q2) |a(q1)|2 ,
where function n(x+) defines the one-dimensional target
density that we take as constant, n0 = n(x
+) for 0 ≤
x+ ≤ L+, and 0 elsewhere. Moreover, function a(q) is
the potential in momentum space which can be taken to
be of Yukawa type, i.e. |a(q)|2 = m2/(q2 + m2)2 with
m being the Debye creening mass or inverse colour cor-
relation length. In the eikonal limit, when λ+ → 0 for
a constant potential and constant one-dimensional target
density, one recovers the standard MV expression for the
two target field correlator. Using Eq. (42) one can inte-
grate over the longitudinal coordinates that appear in the
phases in non-eikonal Lipatov vertices. The final result
of the non-eikonal single inclusive gluon production cross
section in pp collisions then reads
dσ
d2kdη
∣∣∣∣NonEik
dilute
= 4piαs CA(N
2
c − 1) g2GNE1 (k−;λ+) (43)
×
∫
d2q
(2pi)2
µ2
[
k− q,q− k]Li(k,q)Li(k,q) |a(q)|2 ,
where we assume that the longitudinal width of the target
is much larger than the colour correlation length, λ+ 
L+. In the cross section, Eq. (43), all the non-eikonal ef-
fects are encoded in the function GNE1 (k−;λ+) which is
defined as
GNE1 (k−;λ+) =
1
k−λ+
sin(k−λ+), (44)
with k− ≡ k2/2k+. In the limit of vanishing (k−λ+) we
have
lim
k−λ+→0
GNE1 (k−;λ+) = 1, (45)
and the well known eikonal limit for the single inclusive
gluon production in the dilute target limit is recovered.
Therefore, function GNE1 (k−;λ+) can be interpreted as the
function that accounts for the relative importance of the
non-eikonal effects with respect to the eikonal limit of the
single inclusive gluon production in the dilute target limit.
In Fig. 7, the ratio of the non-eikonal to eikonal sin-
gle inclusive gluon production cross sections, i.e. function
GNE1 (k−;λ+), is plotted as a function of rapidity for dif-
ferent values of the transverse momenta of the produced
gluon at correlation length λ+ = 0.5 fm. The results show
that with increasing rapidity of the produced gluon, the
effects of the non-eikonal corrections vanish as expected
from analytical predictions. Up to rapidity η = 2.5, the
relative importance of the corrections varies between 15%
and 2% depending on the value of the transverse momenta.
Non-eikonal double inclusive gluon production cross
section in pp scattering can be computed in a similar man-
ner. The main difference between the single and double
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FIG. 6: The ratio of non-eikonal to eikonal single inclusive gluon production cross sections, (33), as a function of the pseudo-
rapidity of the produced gluon for di↵erent values of its transverse momenta at a fixed correlation length  + = 0.5 fm.
the colour correlation length  +. In the limit of vanishing transverse momenta of the produced gluon, the non-eikonal
and eikonal cross sections coincide and the ratio becomes one as expected. The ratio shows up to 20% relative weight
of the non-eikonal corrections for  + = 1 fm, for smaller values of  + the results show a suppression from a few to up
to 10%.
In Fig. 6, we have plotted the ratio of the non-eikonal to eikonal single inclusive gluon production cross sections,
(33), as a function of pseudorapidity for di↵erent values of the transverse momenta of the produced gluon at a fixed
correlation length  + = 0.5 fm. The ratio of the non-eikonal to eikonal cross sections goes to one with increasing
pseudorapidity as expected, since the relative importance of the non-eikonal corrections should vanish for large values
of ⌘. The results show that up to pseudorapidity ⌘ = 2.5, depending on the value of the transverse momenta of the
produced gluon, the relative weight of the non-eikonal corrections can vary roughly between 15% and 2%. These
results confirm our analytical predictions for the importance of the non-eikonal corrections in certain kinematical
regions.
B. Double inclusive gluon production beyond the eikonal approximation
In this Subsection we consider double inclusive gluon production beyond the eikonal approximation. Our strategy
for this subsection is the same as the calculation performed for single inclusive gluon production in the previous
Fig. 7. The ratio of non-eikonal to eikonal single inclusive
gluon production as a function of th r pidity of the produc d
gluon for different values of its transverse momenta at fixed
correlation length λ+ = 0.5 fm. Taken from [84].
inclusive production is that one needs to compute the tar-
get average of the four field correlator. This can be ac-
complished by factorising the average of the colour fields
of the target into all possible Wick contractions which can
be written〈
A−a (x
+
1 ,q1)A
−
b (x
+
2 ,q2)A
−
c (x
+
3 ,q3)A
−
d (x
+
4 ,q4)
〉
T
(46)
=
〈
A−a (x
+
1 ,q1)A
−
b (x
+
2 ,q2)
〉
T
〈
A−c (x
+
3 ,q3)A
−
d (x
+
4 ,q4)
〉
T
+
〈
A−a (x
+
1 ,q1)A
−
d (x
+
4 ,q4)
〉
T
〈
A−c (x
+
3 ,q3)A
−
b (x
+
2 ,q2)
〉
T
+
〈
A−a (x
+
1 ,q1)A
−
c (x
+
3 ,q3)
〉
T
〈
A−b (x
+
2 ,q2)A
−
d (x
+
4 ,q4)
〉
T
,
where each two target field correlator is defined in Eq. (42).
The integrals over the longitudinal coordinates can be per-
formed using this definition and the final result for the
non-eikonal double inclusive gluon production cross sec-
tion in pp scattering can be organised in the following
way:
dσ
d2k1dη1d2k2dη2
∣∣∣∣NonEik
dilute
= α2s (4pi)
2 g4 C2A (N
2
c − 1)
×
∫
d2q1
(2pi)2
d2q2
(2pi)2
|a(q1)|2|a(q2)|2GNE1 (k−1 ;λ+)GNE1 (k−2 ;λ+)
×
{
I
(0)
2tr +
1
N2c − 1
[
I
(1)
2tr + I
(1)
1tr
]}
, (47)
where the subscripts denote the single trace terms (I
(i)
1tr)
or the double trace term (I
(i)
2tr) which are analogue to dou-
ble dipole and quadrupole operators in pA scattering dis-
cussed previously. The explicit expressions for these con-
tributions read
I
(0)
2tr = µ
2
[
k1 − q1,q1 − k1
]
µ2
[
k2 − q2,q2 − k2
]
× Li(k1,q1)Li(k1,q1)Lj(k2,q2)Lj(k2,q2), (48)
I
(1)
2tr =
{
GNE2 (k−1 , k−2 ;L+)µ2
[
k1 − q1,q2 − k1
]
× µ2[k1 − q1,q2 − k1]Li(k1,q1)Li(k1,q2)
× Lj(k2,q2)Lj(k2,q1)
}
+ (k2 → −k2) (49)
and, finally,
I
(1)
1tr =
{
µ2
[
k1 − q1,q2 − k2
]
µ2
[
k2 − q2,q1 − k1
]
× Li(k1,q1)Li(k1,q1)Lj(k2,q2)Lj(k2,q2)
+ GNE2 (k−1 , k−2 ;L+)
µ2[k1 − q1,q1 − k2]
× µ2[k2 − q2,q2 − k1]+ 1
2
µ2
[
k1 − q1,q2 − k2
]
× µ2[q2 − k1,q1 − k2]Li(k1,q1)Li(k1,q2)
× Lj(k2,q1)Lj(k2,q2)
}
+ (k2 → −k2). (50)
In this setup (see Fig. 5), k1 − q1 and k2 − q2 are the
transverse momenta of the two gluons in the projectile,
k1 and k2 are the transverse momenta of the produced
gluons in the final state, and q1 and q2 are the trans-
verse momenta transferred from the target to the projec-
tile during the interaction. By using the definition of func-
tion µ2(p,k) given in Eq. (10) and the behaviour of the
soft form factor, one can easily identify each term in the
non-eikonal double inclusive gluon production cross sec-
tion given in Eqs. (48), (49) and (50). Clearly, the term
in I
(0)
2tr corresponds to the square of the single inclusive
production and does not give any contribution to the cor-
relations. The terms in I
(1)
2tr corresponds to the Bose en-
hancement of the target gluons since the soft form factor
is peaked around q1 = q2. Finally, the terms in I
(1)
1tr con-
tribute to the HBT correlations of the produced gluons
and to Bose enhancement of the projectile gluons.
In the non-eikonal double inclusive gluon production
cross section, two functions appear that account for the
non-eikonal effects: GNE1 (k−1 ;λ+) presented in Eq. (44) and
a new function GNE2 (k−1 , k−2 ;L+). This new function is de-
fined as
GNE2 (k−1 , k−2 ;L+)
=
{
2
(k−1 − k−2 )L+
sin
[
(k−1 − k−2 )
2
L+
]}2
(51)
which in the eikonal limit, i.e. L+ → 0, goes to unity,
lim
L+→0
GNE2 (k−1 , k−2 ;L+) = 1. (52)
Different from the eikonal double inclusive gluon produc-
tion cross section, in the non-eikonal expression the mir-
ror images are given by k2 → −k2 where k2 ≡ (k+2 ,k2).
The mirror images of the terms that are accompanied by
the function GNE2 (k−1 , k−2 ;L+) are now accompanied by
GNE2 (k−1 ,−k−2 ;L+). However, as obvious from the defini-
tion given in Eq. (51), this function is not symmetric un-
der this transformation. Moreover, in certain kinematic
regimes the behaviour of GNE2 (k−1 , k−2 ;L+) differs com-
pletely from GNE2 (k−1 ,−k−2 ;L+). Particularly, in a kine-
matic region where k−1 ∼ k−2 , one gets
GNE2 (k−1 , k−2 ;L+) GNE2 (k−1 ,−k−2 ;L+). (53)
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This creates an asymmetry between the terms (k1, k2) and
their partners (k2 → −k2). This asymmetry which comes
from the non-eikonal effects reminds the asymmetry be-
tween the forward and backward peaks of the ridge struc-
ture observed in two particle production. Therefore, non-
eikonal corrections break the accidental symmetry present
in usual CGC calculations and can give rise to odd har-
monics. In the remaining of the section we briefly examine
the numerical relevance of this effect.
A detailed numerical analysis of the azimuthal struc-
tures in two particle correlations based on the non-eikonal
double inclusive gluon production cross section given in
Eq. (47) with Eqs. (48), (49) and (50), is performed in [85]
where it is assumed that:
1. the colour sources inside the projectile have a Gaussian
distribution such that µ2(k,q) = µ2(2pi)2δ(2)(k + q),
with µ being the width of the Gaussian;
2. the Yukawa type potential that defines the target field
correlators is given by |a(q)|2 = µ2T /(q2 + µ2T )2, with
µT being an infrared regulator analogous to a Debye
mass;
3. the transverse area of the projectile S⊥ is defined thro-
ugh (2pi)2δ(2)(q− q)→ S⊥.
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Figure 2: Two particle azimuthal harmonics generated in the non-eikonal Glasma graph approximation, using the definition eq. (18).
The values were calculated using µT = 0.4 GeV, µP = 0.2 GeV and p
ref
T = 1 GeV at di↵erent center of mass energies and gluon
pseudorapidities ⌘1 = ⌘2 = ⌘. The symbols without lines indicate the HBT contributions.
1.5  2 units in rapidity for psNN = 20 and 60 GeV, and that the di↵erence becomes negligible for higher energies,p
sNN = 200 GeV, as expected.
In fig. 7 we plot the cross section eq. (13) without the prefactors outside the curly brackets (that we call normalized
multiplicity) against  ⌘ and    using ⌘1 = 0, k1 = 1 GeV and k2 = 1.2 GeV. We can see again that the di↵erences
between the forward and backward peaks are visible up to 2.5 pseudorapidity units.
4. Conclusions
In this manuscript we have analyzed the e↵ect on the non-eikonal corrections stemming from relaxing the shock-
wave approximation for the target which, therefore, acquires a finite length, on the two gluon inclusive cross section
in the CGC. We work in the Glasma graph approximation suitable for collisions between dilute objects (pp). While
the corresponding expressions were derived in a previous publication [76], here we focus on the numerical implemen-
tation, for which several model assumptions are made. We make no attempt to compare with experimental data but
only address the existence and size of the non-eikonal e↵ects on the azimuthal structure.
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Fig. 8. Two particle azimuthal harmonics computed in
the non-eikonal Glasma graph approach using the defin tion
Eq. (25). The values are calculated taking µT = 0.4 GeV,
µP = 0.2 GeV and p
ref
T = 1 GeV for different values of centre-
of-mass energy and different gluon rapidities η1 = η2 = η.
Taken from [85].
In this analysis, function GNE2 (k−1 , k−2 ;L+) that encodes
the non-eikonal effects defined in Eq. (51) is rewritten as
GNE2 (k−1 , k−2 ;L+) (54)
=
{ √
2
(k1e−η1 − k2e−η2)L+ sin
[
(k1e
−η1 − k2e−η2)√
2
L+
]}2
using k− = k2/2k+, k+ = keη/
√
2, k = |k| 13.
In Fig. 8 the azimuthal harmonics up to v5 are com-
puted by using the definition given in Eq. (25). prefT is
taken to be 1 GeV for different values of
√
sNN and η1 =
η2 = η. The plot shows that the value of the odd har-
monics decreases with increasing centre-of-mass energy at
fixed rapidity η. This behaviour is the natural outcome of
the fact that non-eikonal corrections become smaller with
the increasing Lorentz gamma factor. Therefore, one can
conclude that the non-eikonal corrections can be negligi-
ble for collisions at high centre-of-mass energy such as the
ones at the LHC but they can be important for collisions
at RHIC with
√
sNN ≤ 200 GeV. On the other hand, at
any fixed energy the value of odd azimuthal harmonics de-
creases with increasing rapidity η. This behaviour is also
expected, since the value of the odd harmonics is directly
related to the non-eikonal corrections. The eikonal expan-
sion parameter can be written as pTL
+e−η in terms of
rapidity and, therefore, non-eikonal corrections (and thus
the value of odd harmonics) decrease with increasing ra-
pidity and vanish completely in the strict eikonal limit14.
Figure 3: Scaling of
vn(L
+)
vn(1.5 fm)
with L+. The odd harmonics increase strongly with increasing L+ while the even ones are almost constant.
Figure 4: Azimuthal harmonics computed using the prescription of eq. (19). The parameters used for this plot are µT = µg = 0.4 GeV,
µP = 0.2 GeV and ⌘1 = ⌘2 = 1.5. The dashed lines are the result using µ
2(k1,k2) / (2⇡)2 (2)(k1 k2) and the continuous lines employ
µ2(k1,k2) / 2⇡Bp exp
   Bp
2
(k1   k2)2
 
.
We explore how the non-eikonal corrections break the accidental forward-backward symmetry present in usual
CGC calculations, and thus lead to sizeable odd harmonics. We discuss the di↵erent contributions: Bose enhancement
of the projectile and target wave functions and HBT, and check the stability of the qualitative behavior of the results
against variations in the functional forms and parameters in the model assumptions. We find a good scaling of
all even and all odd harmonics with respect to the length of the target, with even harmonics being constant and
odd ones growing with increasing length. The non-eikonal corrections vanish with increasing energy of the collision,
being sizeable up to the top energies at RHIC but negligible for those at the LHC. Furthermore, they turn to be
significant for pseudorapidity di↵erences between the produced gluons up to about 2.5 units. Therefore, we conclude
that non-eikonal e↵ects cannot be the dominant source of odd harmonics at the highest energies but they can be
relevant for those at RHIC.
The outlook of this work is its extension to dilute-dense (pA) collisions that will be the subject of a forthcoming
publication, and a comparison to experimental data.
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Fig. 9. Scaling of vn(L
+)/vn(1.5fm) with L
+. Taken from [85].
13 Assuming that L is the size of the target in its rest frame,
in the centre-of-mass frame L+ is taken as
L+ =
1
γ
√
2
L ≈ 2A1/3/γ fm ≈ 10A1/3/γGeV−1, (55)
where A is the mass number of the nucleus and γ '√
sNN/(2mN ) accounts for the Lorentz contraction in the
centre-of-mass frame. Moreover, for the numerics the gluonic
size of the projectile is taken to be Bp = 4 GeV
−2, the trans-
verse size of the projectile is assumed to be S⊥ = 2piBp ≈
9.8 mb and the size of the target in its rest frame for a Pb nu-
cleus is taken to be L = 12 fm. Finally, the number of colours
is taken to be Nc = 3 and the colour correlation is set to be
λ+ = 0.
14 In Fig. 8, the unrealistic peaks that account for the HBT
contributions are due to the use of µ2(k,q) ∝ δ(2)(k+q). In a
more realistic treatment, µ2 can be chosen as Gaussian which
would peak around k+q = 0 and show a bell shape behaviour.
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In Fig. 9, the ratio vn(L
+)/vn(1.5 fm) is plotted as a
function L+ which reveals a very interesting feature of the
effects of non-eikonal corrections on azimuthal harmonics:
odd harmonics depend strongly on the size of the target
while even ones are almost independent of it. Even though
the explicit relation between multiplicity and L+ requires
a more dedicated study, the scaling of the odd harmonics
with L+ in Fig. 9 qualitatively resembles the results of the
analysis performed in [82] where it is shown that the value
of v3 increases with the increasing multiplicity.
4 Non-CGC explanations
Besides explanations to the ridge phenomenon based on
the CGC, there are others that address its origin in the
initial state of the collision or, at least, do not demand
hydrodynamics or transport at work. It must be noted
that the existence of long range rapidity correlations was
discussed long ago as a consequence of multiple scattering,
see [93,94].
This approach was pushed forward in string models
for multiparticle production, see e.g. [95]. Later on, sev-
eral models that consider string interactions were argued
to lead to azimuthal asymmetries: string percolation [96,
97,98] with the creation of azimuthally anisotropic strong
chromoelectric fields, colour reconnection [99] that is able
to produce some of the QGP-like features observed in
pp, and string repulsion [100,101]. It is not clear whether
the dynamics contained in these approaches can be con-
sidered as pure initial state but they offer a mechanism
to produce the ridge in collisions between small systems
that does not require any explicit final state rescatter-
ing, see [102] for a model that explicitly requires parton
and/or hadron rescattering to build azimuthal asymme-
tries even with just two strings. In all these approaches,
particle production from a single string is still isotropic
and the anisotropy is built after string breaking.
A string-based model is also proposed in [103,104].
There, valence diquark-quark flux tubes or strings in the
incoming protons overlap and produce more particles in
the transverse than in the longitudinal direction of the
flux tube. Such anisotropic particle production leads to
azimuthal asymmetries and the prediction has been made
that it should also be visible in photoproduction, with
particle production becoming maximal in the plane of the
deflected electron (in ep collisions) or proton (in UPCs).
It should be noted that all these approaches are in-
spired in the string behaviour of the QCD interaction in
the non-perturbative domain, in contrast to the CGC that
relies on perturbation theory for a small coupling constant.
Indeed already in the framework of Reggeon field theory,
some ideas have been pushed [105] on the spatial variation
of the transverse density in the hadron that resemble those
in the CGC. Or CGC arguments have been extended to
the soft physics domain and applied to describe azimuthal
correlations, see [106,107] and subsequent papers of this
group15.
Finally, let us indicate that azimuthal asymmetries
arise in several processes when the nucleon is studied and
characterised beyond collinear parton densities, as in the
framework of Wigner distributions and TMD parton den-
sities, see [110,111]. Azimuthal asymmetries then arise in
final observables like dijet production in DIS [112,113,
114]. But, although these calculations are often performed
in a framework close to that of the CGC which is related
with the TMD framework at small x [115], it goes beyond
the standard CGC context to link with other physics like
spin.
5 Summary and discussions
In this manuscript we have discussed the explanations that
are currently proposed to describe particle correlations,
the ridge, observed in experimental data in small collision
systems, pp and pA, from the initial state point of view.
Our main focus has been those weak coupling explana-
tions based on the CGC. We have assumed that correla-
tions among partons in the initial stage leave an imprint
on those among particles in the final state, i.e. they are
not washed out by final strong final state interactions and
hadronisation.
First, we have focused on the standard eikonal treat-
ment within the glasma graph approximation which is
valid for collisions between dilute objects – pp. We have re-
viewed the studies which have shown that this approxima-
tion encodes two different type of contributions, namely
the Bose enhancement of both projectile and target gluons
and also HBT correlations of the produced final gluons.
We have summarised the procedure that should be
adopted to extend the validity of glasma graph approx-
imation from dilute-dilute to dilute-dense (i.e. from pp to
pA) collisions by taking into account the multiple scatter-
ing effects in the dense target. We have shown that the
structure of the double inclusive gluon production cross
section is symmetric under (k2 → −k2), which is known
as the accidental symmetry of the CGC. Since this symme-
try is the reason for vanishing odd harmonics in the CGC
framework, we have discussed the suggested mechanisms
to break this accidental symmetry.
In particular, we have focused on a specific mecha-
nism to break this symmetry which is based on going
beyond the standard eikonal approximation and includ-
ing the subeikonal corrections that are due to the finite
longitudinal width of the target. We have argued that
such non-eikonal corrections, when included in the glasma
graph approach to two particle correlations, successfully
generate non-zero odd harmonics in specific kinematics.
We would like to emphasise here that we make no attempt
to compare the results with experimental data but only
15 There are also attempts to describe the near side ridge as a
consequence of the momentum kick given by the leading parton
to medium constituents [108], with a medium already present
in pp collisions, or to minijets [109].
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address the existence and size of the non-eikonal effects
on the azimuthal structure. As expected from non-eikonal
corrections, their value and thus that of the odd harmon-
ics decrease rapidly with increasing centre-of-mass energy.
This decrease is strong since the analysis is performed for
a dilute target – a slower decrease of the size of the odd
harmonics with increasing energy could be expected in a
dilute-dense collision. Besides, the treatment of such non-
leading eikonal corrections shows explicitly the link of the
formalisms used in CGC and jet quenching calculations.
At this point, we should comment briefly on the com-
parison with experimental data. The main characteristics
concerning azimuthal asymmetries in small systems ob-
served in experiment [1,2,3,4,5,7,8,9,10,13,16,17,18,19]
are:
– The even and odd harmonics extracted using correla-
tions between two and more particles, are of similar
size to those found in larger systems.
– They show the same dependence on the mass of the
measured hadron as found in larger systems (see [116]
for an approach in the CGC).
– Even harmonics show a much weaker dependence on
the multiplicity in the event than odd harmonics.
– v2 and v3 found in pAu, dAu and
3HeAu collisions at
RHIC show, for central (head-on) collisions, the order-
ing vpAu2 < v
dAu
2 ≈ v
3HeAu
2 , v
pAu
3 ≈ vdAu3 < v
3HeAu
3 .
– Measurements of many particle cumulants show ev-
idence of collectivity. For example, four particle cu-
mulants c2{4} = 〈ei2(φ1+φ2−φ3−φ4)〉 − 2〈ei2(φ1−φ2)〉2
(v2{4} = [−c2{4}]1/4) change sign from positive to
negative with increasing associated multiplicity, with
a smooth behaviour from small to large systems and
from smaller to larger energies.
In the glasma graph approximation, several studies
were done that describe pp data in a reasonable man-
ner [55,56,57,58]. Later on, these studies were extended
to pA with diverse degree of modelling [59,60]. Then, odd
azimuthal harmonics were introduced following [80,81],
with the corresponding numerical studies and a compari-
son with data performed in [82,83]. In these latter studies
a successful comparison with RHIC and LHC data was
initially claimed, which was later corrected after the criti-
cism in [117]. Nevertheless, it must be stated that none of
the numerical calculations can be considered as a full im-
plementation of the theoretical framework and that some
results are still to be clarified from an analytical point of
view, e.g. those in [59,60] about the second Fourier coef-
ficient defined through four particle correlations (v2{4})
where the mentioned change of sign in c2{4} is attributed
to multiple scattering beyond glasma graphs.
Finally, we have also shortly commented on approaches
that are not based on, or go beyond, CGC ideas, to study
the two particle correlations from the initial state.
To conclude, let us indicate that future experimental
programmes and facilities [118,27,119,120,121] will ad-
dress the physics of small systems and the transition from
small to large, particularly the onset and understanding
of collectivity which is a central question in QCD at high
energies.
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